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Abstract
We investigate the nonlinear optics response of a colloidal dispersion
undergoing dynamics slowing down with age, by using Z -scan and dynamic
light scattering measurements. We study the high optical nonlinearity of an
organic dye (rhodamine B) dispersed in a water–clay (laponite) suspension.
We consider different clay concentrations (2.0–2.6 wt%) experiencing dynamics
arrest. We find that (i) the concentration dependent exponential growth of both
mean relaxation time and nonlinear absorption coefficient can be individually
scaled to a master curve and (ii) the scaling times are the same for the
two physical quantities. These findings indicate that the optical nonlinear
susceptibility exhibits the same ageing universal scaling behaviour, typical of
disordered out of equilibrium systems.

1. Introduction

Complex systems undergoing glass/gel transition (including soft materials) are characterized
by an exponentially large number of metastable states [1], while staying out of equilibrium and
taking a huge amount of time to reach a stable state (depending on the initial conditions in which
the sample is prepared). This very slow relaxation is called ageing: the older systems relax in
a slower manner than the younger ones. The glass properties are therefore strongly related to
the age or waiting time tw. During ageing, the fluctuation-dissipation theory (FDT) does not
strictly hold, but a generalization has been recently proposed [2] and numerically tested [3, 4].
According to this generalization the temperature, appearing in the FDT as a proportionality
factor, between response and correlation function, is substituted by an effective temperature,
higher than the thermal bath one. In ageing systems, which are subject to fluctuations larger
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than the corresponding equilibrium ones, also nonlinear effects are expected to be strongly
sensitive to the presence of dynamics slowing down with age.

In this respect, nonlinear optics experiments in complex systems can be considered as
a promising tool for studying these out of equilibrium dynamics. However, while on one
hand the time dependent behaviour of the nonlinear optical coefficients has been considered
since the beginning of nonlinear optics [5] and various authors have recently reported detailed
investigations and new models for the time dynamics of specific nonlinear optical effects (like
modulational instability or soliton formation, [6–9]), on the other, no studies have been reported
for the ageing behaviour of the nonlinear optical coefficients of colloids.

With the aim of studying these effects it is hence useful to consider a complex
material undergoing structural arrest with nonlinear optical response strongly affected by this
aggregation process. We report on an experimental investigation of a laponite clay powder
dispersed in the dye rhodamine B aqueous solution, displaying both high thermal nonlinear
optical response and dynamics arrest characteristic of the clay suspension. Clear experimental
evidence and quantitative assessment of ageing of the nonlinear susceptibility are reported.

2. Sample preparation

Rhodamine B (RhB) solution in deionized water (pH = 7) was prepared at 0.6 mM
concentration. Laponite powder, supplied by Laporte Ltd, was then dispersed in RhB solution,
stirred vigorously until the suspensions were cleared and filtered through 0.22 μm pore size
Millipore filters. We consider the starting ageing time (tw = 0) as the time when the suspension
was filtered. We prepared four different samples at 2.0, 2.2, 2.4 and 2.6 wt% clay concentrations
and on each of them we performed contemporaneously the two different experiments (dynamic
light scattering and Z -scan) described below.

Rhodamine molecule adsorption on clay discs is well known [17] and, indeed, for our
samples we estimated about 60 RhB molecules for each laponite platelet, far fewer than
the maximum allowed adsorption sites (about 500 sites as provided by the Laporte Ltd data
sheet); consequently all dye particles in solution can be considered as attached to the colloids.
Moreover the presence of rhodamine molecules in the sample increases the ionic force causing
faster colloid aggregation.

3. Evidence of ageing

We utilized homodyne–dynamic light scattering (DLS) measurements, in order to provide
clear evidence of the nonstationary dynamics in our samples, and for their quantitative
characterization. We used a standard optical set-up based on a He–Ne (λ = 632.8 nm)
10 mW laser, a monomode optical fibre and a photomultiplier detector in combination
with a homemade correlator [10]. We observed directly the normalized intensity I (q, t)
correlation function g2(q, t) = 〈I (q, t)I (q, 0)〉/〈I (q, 0)〉2 , with q the modulus of the
scattering wavevector defined as q = (4πn/λ) sin(θ/2), the scattering angle being θ = 90◦
in our experiment. Homodyne–DLS data were fitted assuming a correlation function made
from the square of the sum of an exponential function with relaxation time τ1 and a stretched
exponential function with relaxation time τ2 and stretching coefficient β , as reported in [11] and
commonly used in photocorrelation measurements analysis for liquid-like (ergodic) samples.

Examples of homodyne–DLS data, together with their best fits, are shown in figure 1 as
symbols and full lines at the indicated waiting times. The mean relaxation time τm,

τm = τ2β
−1�(β−1), (1)
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Figure 1. DLS–homodyne correlation function data for laponite 2.2 wt% dispersion in RhB 0.6 mM
water solution for different waiting times tw and corresponding fits (full lines); see the text.

Figure 2. Mean relaxation time τm versus waiting time tw (A) and versus the scaled variable
μτ tw (B) on a log–linear scale at various clay concentrations; continuous lines in (A) are the fitted
curves.

with �(x) the usual Euler gamma function, can be taken as a parameter representing the
slow dynamics behaviour of the correlation function, while the fast dynamics correlation time
τ1 turns out to be quite constant for our clay concentrations during the gelation process, as
described elsewhere [12]. In figure 2(A) the τm versus tw data on a log–linear scale exhibit
the common exponential growth behaviour—valid for samples far from dynamics arrest—
τm(tw) = τ0 exp(μτ tw) (full line trough the data) of the mean relaxation time for different
laponite concentrations. These results reflect clearly the ageing behaviour of the material, that
corresponds to tw dependent relaxation times. The specific tw dependence of τm(tw) leads us to
consider a scaling law, that makes all data collapse onto a single master curve. This curve is
reported in figure 2(B) where the DLS derived τm(tw) data are shown as a function of μτ tw.
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Figure 3. Absorption spectra of RhB 2.4 × 10−5 M water solution (0%) and laponite dispersions in
RhB 2.4 × 10−5 M solution at different clay concentrations and waiting times.

4. Linear absorption measurements

In order to show that ageing has no role in the linear optical response of our system, we
measured the linear absorption spectra with a UV–visible spectrometer. In figure 3 we report
representative absorption spectra of RhB 2.4 × 10−5 M water solution at 0, 1 and 3 wt%
clay concentrations, showing that the linear absorption of RhB changes in the presence of
laponite and it can be considered independent of the colloid concentration and the waiting time.
These samples were prepared following the same procedure as described above, using a lower
concentration RhB solution to avoid saturation in absorbance spectra. The linear absorbance
coefficient α0 for the 0.6 mM RhB solution was also found to be α0 � 6.2 mm−1 and
α0 � 4.8 mm−1 for all our RhB–laponite dispersions, by measuring the sample transmission at
λ = 532 nm, confirming the absence of ageing in the linear optical absorption.

5. Ageing of the nonlinear susceptibility

By using the Z -scan technique [13] we measured both nonlinear absorption and refraction: the
sample was moved along the z-axis through the focal point of the input Gaussian beam, and the
transmitted power was measured, as a function of z in the far field using a photodiode behind
a small calibrated pinhole. In our experiments we used a CW pumped diode laser operating at
power P = 10 mW and wavelength λ = 532 nm. The beam was focused by means of a 75 mm
focal length lens giving a 20 μm beam waist radius w0 and a I0 = 8×106 W m−2 beam central
intensity at the focus (z = 0). A photodetector, at distance 310 mm from the lens focus, was
used to probe the light power behind a 2 mm aperture and the sample, in 1 mm thick cell, was
scanned across the focus with a 5 cm translation stage.

In figure 4 we show as an example the Z -scan curves of RhB–2.2 wt% clay dispersion
for increasing tw correspondingly to the DLS correlation functions (shown in figure 1). The
dynamics slowing down for the system clearly affects the nonlinear response. In figure 4
we also report the 0.6 mM RhB solution (without clay) transmittance curve (open symbols).
Similarly to the linear absorption shown in figure 3, the nonlinear optical response is influenced
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Figure 4. Z -scan curves of laponite 2.2 wt% dispersion in RhB 0.6 mM water solution for different
waiting times tw (symbols) and corresponding fits (full lines); see the text. We also report the RhB
0.6 mM scan (open symbols).

by the presence of laponite platelets, while, more interestingly, contrarily to the linear
absorbance, the nonlinear susceptibility does actually vary, undergoing dynamics slowing
down.

The transmittance curve shape in figure 4 corresponds to a defocusing nonlinear system
due to thermal lens-like behaviour, well known in dye solutions. In fact temperature variation
in presence of light absorption [14] causes a local refractive index gradient due to local solvent
density change. To fit the experimental data we used the analytical description of the Z -scan
method reported in [15], based on the Fresnel–Huygens principle, here enriched by including
sample nonlinear absorbance effects on transmittance, not considered previously.

The following equations govern laser beam phase 	(ζ ) and intensity I (ζ ) variations inside
a nonlinear sample:

dI (ζ )

dζ
= −α(I0)I (ζ ) (2)

d	(ζ )

dζ
= kn(I (ζ )) (3)

where α(I0) = α0 + α2 I0, with α0 the linear absorption coefficient, and α2 the nonlinear
coefficient, n(I (ζ )) = n0 + n2 I (ζ ), with n0, the linear refractive index, and n2 the Kerr
coefficient. In (2) and (3) ζ is the coordinate inside the sample along the z-direction and
k the wavenumber. We used the expression for the transmittance reported in [15] and by
solving equations (2) and (3) for a TEM00 electric incident field intensity distribution and by
determining the electric far field EC, the transmittance results as

T = |EC(z,	0(z))|2
|EC(z, 0)|2 =

∣
∣
∣
∣

ξ(z)� (ξ(z), i	0(z))

[i	0(z)]
ξ(z)

∣
∣
∣
∣

2

. (4)

In equation (4) �(x, y) is the lower incomplete gamma function,

ξ(z) = 1

2

[
i

z0

(

z + z2 + z2
0

d − z

)

+ 1

]

, (5)
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Figure 5. Nonlinear absorption coefficient α2 versus waiting time tw (A) and versus the scaled
variable μα tw (B) at various clay concentrations; continuous lines in (A) are the fitted curves.

Table 1. Timescaling parameters: μτ from DLS data and μα from Z -scan data.

Clay (wt%) μτ μα

2.0 (1.9 ± 0.2) × 10−5 (2.3 ± 0.2) × 10−5

2.2 (3.5 ± 0.1) × 10−5 (3.3 ± 0.2) × 10−5

2.4 (10.5 ± 0.2) × 10−5 (10.9 ± 0.5) × 10−5

2.6 (28 ± 1) × 10−5 (17 ± 1) × 10−5

	0(z) = kn2�I0

1 + z2/z2
0

, (6)

where z0 = 2kw2
0, d is the distance between the observation point and the beam waist and � is

the effective sample thickness

� = 1 − exp[−α(I0)L]
α(I0)

, (7)

with L the actual sample thickness. We used (4) as the fitting expression for estimating both n2

and α2; the latter is shown in figure 5(A) versus tw for different clay concentrations, while from
our analysis n2 values (not reported) are practically unchanged during the ageing time. Indeed,
the nonlinear refractive index coefficient n2 is less sensitive to matter structural changes, as
explained below.

On the other hand, it is evident from figure 5(A) that the nonlinear absorption (α2) is clearly
influenced by the clay structural evolution.

According to the theoretical analysis reported below, we fitted the Z -scan curves using the
function α2 = a + b exp(μαtw), with a, b and μα as free parameters. The fitting curves are
reported in figure 5(A) as full lines. In figure 5(B) the same data collapsed onto a single master
curve are reported as a function of the scaled time μαtw. The timescaling parameters, μτ and
μα , obtained respectively from DLS and Z -scan data, are shown in table 1. It can be noticed
that μτ and μα values are comparable except for the highest concentration, most likely due to
the different durations of the experiments (i.e. 5 min for photocorrelation and about 15 min for
Z -scan single measurement), which are not negligible in the presence of a fast arrest process.
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6. Theoretical analysis

At microscopic level, the observed data can be interpreted by taking into account the so called
Ludwig–Soret effect [16], i.e. the laponite platelet concentration (c) gradient induced by
the presence of a temperature gradient. Specifically, as the value of ∇c depends—at fixed
∇T —on the mass self-diffusion coefficient, in turn strongly related to the ageing time, we
expect a waiting time dependence of ∇(c). This mass diffusion process strongly affects
the rhodamine molecule concentration due to the adsorption on clay discs, as reported in
sample preparation. Indeed, clay–dye concentration variation causes the evident absorption
coefficient change during the dynamics arrest process, whereas particle diffusion does not
influence refractive index (n) change due to the slight difference between laponite and water
indices of refraction.

The previous argument can be put on a quantitative basis by considering the absorption as
due to N(tw, I0) dye particles varying in time due to matter and thermal diffusion processes
and yielding an overall absorption coefficient

ᾱ(tw, I0) = N(tw, I0)α(I0). (8)

Since α = α0 + α2 I0, expanding N(tw, I0) at first order in I0, and retaining only the terms
linear in I0, equation (8) reads

ᾱ(tw, I0) = N0α0 +
[

N0α2 + α0

(
∂ N

∂ I0

)]

I0, (9)

From equation (9), the time dependent nonlinear absorption coefficient is then written as

ᾱ2(tw) = N0α2 + α0(∂ N/∂ I0) (10)

which undergoes ageing because of the tw dependence of (∂ N/∂ I0), i.e. because of the variation
of the particle number due to diffusive effects. To determine the waiting time dependence
of ∂ N/∂ I0 in (10), we rely on the stationary solutions of both the heat equation and the
mass flow continuity equation reported in [16], which give the following radial profile for the
concentration variation c(r, tw) (∝ N(r, tw)):

∇2(c(r, tw)) = 2α0 I0

κ

DT

D(tw)
c̄(1 − c̄)e−2r2/w2

0 (11)

where κ is the thermal conductivity, 2α0 I0 exp(−2r 2/w2
0) the Gaussian beam source term, c̄

the average colloid concentration, D(tw) the mass diffusion coefficient and DT the thermal
diffusion coefficient. In writing equation (11) we assume that the concentration gradient time
dependence is contained uniquely in the mass diffusion coefficient, while DT is assumed to
be unchanged, and all other terms are constant. Solution of equation (11) yields the following
difference of concentration variation from the beam centre:

c(r, tw) − c(0, tw) = c0

[

Ei

(−2r 2

w2
0

)

− ln

(−2r 2

w2
0

)

− γ

]

(12)

where

c0 = DTα0 I0w
2
0 c̄(1 − c̄)

2κ D(tw)
, (13)

Ei (x) denotes the exponential integral function and γ the Euler constant. The maximum
difference in concentration within the sample in a confined geometry of height H —given
by (12)—is

c(tw) = c(H, tw) − c(0, tw) = c0

[

Ei

(−2H 2

w2
0

)

− ln

(−2H 2

w2
0

)

− γ

]

. (14)
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Finally, from equations (14) and (10),

ᾱ2(tw) = N0α2 − C
α0

D(tw)
(15)

where the constant C contains all time independent terms in (14) and it also accounts for the
proportionality relation c(tw) ∝ N(tw). Expression (15), considering that D ∝ τ−1

m with τm

the relaxation time previously introduced, provides the tw dependent behaviour of ᾱ2 as a sum
of a constant and an exponentially growing term, justifying the fitting expression previously
utilized.

In conclusion, we studied the ageing of the nonlinear optical susceptibility in a water–
RhB–clay solution. The dye molecules are adsorbed on the clay surface, creating a complex
medium with a high optical nonlinearity capable of performing a liquid–gel transition on a
timescale μ−1

τ , dependent on the clay concentration. To analyse the waiting time dependence of
the Z -scan curves, we derived equations (4)–(6), which generalize the result obtained in [15] to
the case where photon absorption is present. We showed that, at variance with the linear optical
properties, which are not affected by ageing, (i) the nonlinear optical susceptibility actually
ages, (ii) its tw dependence is only a function of a concentration dependent timescale μ−1

α ,
(iii) this timescale is the same as that for the waiting time dependence of the relaxation time
measured using DLS, and (iv) the waiting time dependence can be microscopically explained
assuming a thermodiffusive behaviour of the clay platelets (Soret effect).
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